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Abstract 
Recently, Neural Collapse has been proposed as a 1st-order universal and interesting behavior occurring during the 
end phase of training deep neural networks in classification settings. Although the modern architectures that take deep 
learning to its high complexity and overparameterization are very heavily structured, empirical investigations show 
the trained models converge to very structured symmetries in feature space. In this paper, we provide a simple yet 
comprehensive geometric and statistical analysis of Neural Collapse in deep classifiers that aims to bridge the gap 
between empirical observations and theoretical understanding. Neural Collapse can be characterized by four high-level 
properties: variability collapse within classes, convergence of class means to a simplex ETF, alignment between 
classifier weights and class means, and emergence of nearest class centre decision rule. 

Geometrically speaking, Neural Collapse causes a great simplification of the structure of the feature representations: 
representing intra-class variability vanishes and inter-class relationships become highly symmetric. This geometric 
form allows classification to be done efficiently, and uncovers a regularization effect due to optimization mechanisms 
— such as stochastic gradient descent. Statistically, the process represents an evolution of complex, high-dimensional 
distributions to tightly-clustered representations that better separate classes. The dual geometric-statistical behavior 
indicates that, even though deep networks are highly nonlinear, their behavior is structured and apparently simple 
during later stages of training. 

In this setting, the work additionally delves into optimization dynamics behind Neural Collapse, highlights the 
importance of loss functions (ultimately fingering cross-entropy), and notes how gradient-based learning introduces an 
implicit bias that shapes representations. It further explores the dynamics of Neural Collapse in relation to various 
architectural choices such as depth, width and normalization methods. Finally, the paper concludes with a discussion of 
how Neural Collapse impacts generalization, robustness, and interpretability of models that achieve such behaviour, 
including model efficiency and reliability. It presents experimental analysis with visualization techniques like PCA, and 
t-SNE to show the well-formed structured feature embeddings. Extensions of Neural Collapse beyond standard 
classification tasks are briefly discussed in connection with self-supervised and contrastive learning frameworks. We 
then discuss practical applications like model compression and feature simplification, while also demonstrating the 
larger impact of this phenomenon.Finally, the paper discusses the main limitations and open challenges: absence of a 
holistic theoretical framework to explain performances and limited study in real-world, noisy, imbalanced datasets. 
Combining new geometric insights with statistical analysis, this work offers a coherent understanding of neural 
collapse, and illuminates its role as a cornerstone phenomenon in contemporary deep learning. The results shed light 
on the generalizability of DNNs, and provide valuable leads to future research in both representation learning and 
optimization theory. 
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Introduction to Neural Collapse 
Deep learning (DL) has significantly changed artificial intelligence with progress in image classification, 

natural language processing and speech recognition. Deep neural networks, especially over parameterized ones, are 
impressively capable of achieving good generalization even when trained with a number of parameters larger than 
the size of the training set. Such a phenomenon gave rise to basic questions such as how these models learn 
representations and what is the reason for their generalization when they seem to overfit classically. The 
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emergence of Neural Collapse, a structured phenomenon that emerges in the last stages of training deep classifiers 
constitutes one of the most remarkable recent observations answering this question. 

Neural Collapse is a collection of geometric and statistical characteristics that emerge as training loss 
approaches 0. In this final stage of learning, the feature representations for data points become surprisingly regular. 
More specifically, features from the same class collapse onto one point in representation space, banishing intra-
class variation. Simultaneously, the means of various classes become symmetrically placed as an equiangular tight 
frame (ETF) in a simplex shape. This arrangement serves to maximize the separation between classes and maintain 
equal angular distances, producing highly efficient classification boundaries. 

Neural Collapse is an important discovery as it contradicts the assumption that deep neural networks are 
complex, unruly systems. Rather it suggests that with their non-linear architectures and large dimensional 
parameter spaces, these models converge to highly structured solutions that are interpretable. This behavior is not 
directly encouraged by the training objective, but rather arises as a natural consequence of optimizations 
algorithms such as stochastic gradient descent. Thus, Neural Collapse presents a theoretical framework for 
understanding the generalization mechanism of deep networks. 

Geometrically, Neural Collapse reduces the feature space to a very symmetric structure. For each class, there 
is only one prototype and they are positioned at maximally distant locations from each other. What does this 
geometric regularity do special: it can reduce redundancy in feature representations and make it more 
interpretable. As a statistical entity, there you might have the collapsing of withinclass variability and the squeezing 
of class means as well — indeed the whole transition from complex distributions embedding fundamental data 
types to highly focused clusters. The dual interpretations bring our attention to the interaction of geometry and 
statistics with respect to defining how deep classifiers behave. 

An additional important component of Neural Collapse is its relation to classification decision rules. So as the 
phenomenon becomes present, the last layer acts more and more similarly to a nearest class mean classifier (that is 
based on easy distances between very simple linear boundaries) than something non-linear. This realization 
connects modern deep learning models to classical machine learning, demonstrating that simpler decision rules are 
implicitly learned during the training of the deep networks. These insights are useful to understand model 
efficiency and also help build interpretable systems. 

In particular, the interest in Neural Collapse stems from its potential to bridge large parts of deep learning 
theory, covering optimization, generalization and representation learning. The deeper investigation of the 
phenomenon suggests that examining how and why Neural Collapse happens can provide insights into the 
dynamics of training, as well how architectural and algorithmic choices play a role. Things like network depth, 
width, normalization, and data distribution all affect how quickly and completely collapse will happen. By 
examining these dependencies, we can identify possible improvements in our training protocols to produce more 
generalizable models. 

Additionally, Neural Collapse is not purely a theoretical concept. The structured representations it outputs 
can be utilized for model compression, in that redundant features are removed to lower the cost of other 
operations. And improve robustness too by making clean decision boundaries, leading to less sensitivity of models 
with noise and perturbations. Moreover, it is very useful for debugging and analyzing model behavior when AI 
systems are deployed in critical applications, where you can interpret collapsed representations. 

Although promising, the Neural Collapse also brings up some very interesting open questions. Like when 
does it exactly happen is not understood well or how we have to be careful while applying in non-ideal situations 
like in noisy of imbalanced datasets, all these aspects are still active research areas. Additionally, although the 
empirical validity of Neural Collapse is well-grounded, no comprehensive theoretical framework exists to justify all 
its characteristics yet. In order to utilize the findings of Neural Collapse into further progress in deep learning, it is 
crucial to tackle these issue. 
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Figure 1: Within-Class Collapse and Between-Class Symmetry 

 Table 1: Overview of key properties of neural collapse 

Property Description Geometric Interpretation Statistical Interpretation 

NC1 Variability 
Collapse 

Features of the same class cluster 
closely together 

Within-class variance 
approaches zero 

NC2 Simplex ETF 
Structure 

Classes form a symmetric 
geometric structure (simplex) 

Equal distribution across 
classes 

NC3 Self-Duality Alignment between class features 
and classifier weights 

Balanced representation 
of classes 

NC4 Nearest Class 
Centre Rule 

Classification based on distance to 
class means 

Simplified decision 
boundaries 

Mathematical Foundations of Deep Classifiers 
Deep classifiers have remained the underlying framework for many modern machine learning systems, 

allowing us to perform accurate predictions on various tasks (e.g. image recognition, text classification or speech). 
Fundamentally, these models learn complicated associations from input data to output labels by converting 
unprocessed inputs into organized representations of features. The understanding of the mathematical reasons 
behind deep classifiers is critical to explain phenomena such as Neural Collapse, which is the study of behavior from 
a theoretical ground given by (deep) representation learning, optimization and classification behavior. 

Interaction of features and classifier weights is a critical component in determining the geometry of the 
learned representation. We employ a gradient-based optimization where both the feature extractor and classifier 
weights are updated during training. Joint optimization connects the geometry of the feature space to the feature 
space defined by that classifier. As training continues, particularly in over parameterized settings, this interaction 
produces very structured feature representations until finally resulting in Neural Collapse. 

Representation learning is one of the most important and fundamental mathematical concepts that lies 
behind all deep classifiers. Rather than operating directly on raw input features, neural networks learn 
intermediate representations that capture important statistical patterns and structures of the data. How these 
representations are constructed depends on the objective function as well as the distribution of the training data. In 
an ideal case, feature should stay close to features belonging to the same class in feature space, and far from 
features from different class. This is a natural goal of classification, which provides the framework for structured 
geometries to emerge. 

Normalization is another key component for enabling effective feature learning. Many of the modern 
architectures use techniques such as batch normalization in order to stabilize training and achieve better 
convergence. Such normalization methods typically impose implicit constraints on the feature space, forcing them 
to lie on a hyper sphere. This added restriction simplifies the structure of the geometry, and permits symmetric 
formations as structure for example simplex ETF in Neural Collapse. Normalising both feature vectors and classifier 
weights allows to derive classification decision depending mostly on the angle between them not their magnitude, 
so classes relevance is mainly defined by their angular separation. 

Also, optimization dynamics is central to the functioning of deep classifiers. Variance is a major constraint in 
deep learning, however it can be reduced by using gradient descent or its sub-optimal variants which iteratively 
update the model parameters to minimise the loss function. As its name suggests, in over parameterized models, we 
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could find many solutions that can yield zero training error. However, not every solution is equally good. Implicit 
bias in optimization implies that asymptotically, the algorithm prefers some solutions over others, even without 
explicit regularization. In classification used, namely with a large margin (large gaps from data point to decision 
boundaries). Gradient descent likes this sort of solutions. This behavior of margin maximization results in one-class 
very separated class clusters which is intimately connected to the emergence of Neural Collapse. 

A common loss function that also propagates this behavior is the cross-entropy loss function which actually 
pushes logics of the correct classes to be the dominant one (over incorrect class). As we train the loss reduces to 0 
and the model starts to take each class's feature representations further and further apart in the feature space. As a 
result, overlap between the classes is minimised and reparability is maximised. Notably, this separation is 
symmetric and carried out in a balanced way: the representation of both classes preserves the content structure 
and respond to their respective classification objectives. 

From a more mathematical perspective, we can consider linear reparability. If such a hyper plane exists that 
allows the perfect separation of classes, then this dataset is described as linearly separable. Deep neural networks 
mostly map non-linearly separable data to a feature space where linear separation is achievable. This kind of 
transformation is one of deep learning's major advantages. Neural Collapse shows that as late stage DNN training 
progresses, the feature space becomes not only linearly separable, but optimal in Geometric Sense—class means are 
equidistant and Symmetrically Arranged. 

Table 2: Mathematical Blocks of Deep Classifiers 

Component Mathematical 
Representation 

Role in Classification Impact on Neural Collapse 

Input Data ( x \in \math{R}^d ) Raw feature vector Initial distribution of data 
Feature 

Representation 
( h(x) \in \math{R}^p ) Learned embedding Converges to class 

prototypes 
Classifier Weights ( W \in \math{R}^{K 

\times p} ) 
Linear decision 

boundaries 
Align with class means 

Log its ( z = W h(x) ) Class scores Increase separation 
between classes 

Softback Function ( \sigma(z) ) Probability 
distribution 

Emphasizes correct class 

Loss Function Cross-Entropy Optimization 
objective 

Drives collapse behavior 

Optimization Gradient Descent Parameter updates Introduces implicit bias 
Normalization Unit sphere constraint Stabilizes training Promotes symmetry 

We conclude our exposition with the mathematics behind structured and interpretable feature 
representations, classifier weights and optimization dynamics. These foundations provide important perspectives 
on why Neural Collapse occurs and how it is fundamentally tied to the training procedure. As a researcher, 
understanding these fundamental principles can help you analyze and even design efficient and theoretically sound 
deep learning systems. 

Neural Collapse Phenomenon 
A. Overview of Neural Collapse 

Recently, a new phenomenon called the Neural Collapse was first discovered as highly structured feature 
representations evolve during the final stages of training deep classifiers. This happens when the training loss goes 
to zero, which usually occurs in overparametrized neural networks trained with cross-entropy loss. From this point 
onward, the learned representations settle down into a simple and symmetric structure that lives forever in 
monotonic or chaotic changes. This behavior shows how deep networks can converge to a very ordered solution, 
despite their complexity. 

The significance of Neural Collapse is that it integrates disparate ingredients of learning such as 
representation geometry, classification rules and optimization dynamics. It shows that deep neural networks 
naturally compress internal structure for building more interpretable, efficient models for decision-making. 
Consequently, this phenomenon is not simply an interesting observation based on a single architecture — the 
conclusion holds across architectures and datasets, which indicates that it is rather a general property of modern 
deep learning systems. 

B. Training Stages and Collapse Appearance 
In this section, let us review the training process of a deep neural network, which we can roughly split into 

two phases: fitting phase and terminal phase. In this phase of fitting, the model is concerned with minimizing 
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training loss by classifying the data correctly. Feature representations can be less structured as you are still building 
them up. Class boundaries are still under refinement, although they vary widely within classes. 

During the training process, when the model reaches its stopping point, we see that loss has lowered to 
values close to zero. Beyond this point, adding more data does little to improve classification accuracy. But, the 
internal representations of the network starts to change. This is where Neural Collapse steps in. Features of the 
same class begin to cluster more closely, whereas clusters of different classes become increasingly symmetrically 
arranged. The changes between these phases point to the way optimization dynamics result in their final 
representation. 

C. Variability Collapse 
The initial hallmark of NC (variability collapse) At this stage, every feature vectors for a specific class meets 

at a point in the feature space. So there is will no variability between different classes, within each class it almost 
become zero. Geometrically, this means that each class will correspond to one single prototype / centroid. 

In other words, this means that the within-class covariance tends to zero in statistics, thus meaning that all 
samples in a class are becoming indistinguishable because they look similar in terms of their features. This behavior 
greatly reduces the complexity of this classification task as now the model does not have to worry much about 
inside class variations! Instead, it only has to discriminate the class centres. 

D. Converging Towards Simplex Structure of the ETF 
The second property NC2 explains the arrangement of class means in the feature space. During Neural 

Collapse the class means coalesce to a simplex equiangular tight frame (ETF). This means that all class means will 
be equally spaced from one another and the angles between each are equal. This exposé wins in separating classes 
whilst having synergetic heaping. 

From a geometric perspective, simplex ETF is the optimal class for classification as no class can be favoured 
over another. All the classes are at an equal level in the feature space, hence balanced decision boundaries. The 
symmetry is not enforced in any manner during training but rather emerges during optimization given the loss 
function. 

E. Align Features And Classifier Weights 
Another property NC3 is the alignment of class means and classifier weights. At this stage, the weight vectors 

of the last classification layer align with the corresponding class means. This suggests a type of self-dual 
relationship in which the geometry the feature space and structure of the classifier is tightly coupled. 

This property makes it easier to interpret the model as every classifier weight, can be considered as a 
representative direction for that class. It also improves the classification performance because by identifying 
whether feature vectors align with weight vectors, it can make predictions. Further strengthening the symmetry 
adopted into NC2, it would ensure this alignment. 

F. Nearest Class Centre Decision Rule Emergence 
The fourth property NC4 describes the emergence of a simple classification rule. Neural Collapse behaves 

increasingly like a nearest class centre classifier as learning progresses. It does not utilize convolutions or other 
nonlinear transformations, but instead classifies inputs based on their distance to the means of each class in the 
feature space. 

This transition connects deep learning with traditional MLOps. It indicates that deep networks finally tend to 
simple rules and "explainable" decision rules after sufficient training. This property (what we call closure) has 
special relevance both for analyzing model behavior and for architect ring efficient inference mechanisms that 
exploit such underlying structure. 

G. Interdependence of NC Properties 
The four properties of Neural Collapse themselves are not independent, but rather intricately related to one 

another. The approach begins with Variability collapse (NC1), which acts to shrink the differences between classes. 
This allows a symmetric structure in the class means (NC2). Adding the weights of classifier (NC3) already shows 
that this structure, and finally nearest class centre rule (NC4), which suggests an easy to use decision rule. 

All of these properties combine to give a coherent picture explaining the behavior of deep classifiers in the terminal 
phase of training. The interaction between these components captures the contributions of geometry and 
optimization to influence model formation. 
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The Geometric Structure of Neural Collapse 
Neural Collapse is a geometric structure that provides arguably the deepest insight into how modern deep 

neural networks organize learned representations in their final stages of learning. The terminal phase reflects a 
dramatic symmetry and simplicity, while earlier phases are characterized by complicated and often irregular 
distributions of these features. This transformation is a consequence of optimization dynamics and is not something 
that the model architecture or loss function explicitly requires. This geometric structure is important since it will 
help to us rationalize why the deep classifiers obtain high accuracy and how they are robust decision boundaries. 

Class-wise feature convergence is fundamental to this geometric organization. When Neural Collapse 
appears, the same-class feature vectors gradually approach each other in representation space. They are finally 
collapsed to a single point hence representing what can be thought of as class prototype or centroid. This leads to 
an intra-class collapse and reduces each class down to a single vector. This considerably simplifies the nature of the 
feature space, eliminating account for its invariance in class variations from a geometrical perspective. 

When the high-dimensional data has collapsed within each class to its centre, it is the arrangement of these 
class centres that governs the geometry of the space. Surprisingly, these class means do not appear as random 
arrangements. Instead it can self-organize to form a highly symmetric configuration called a simplex equiangular 
tight frame (ETF). Therewith, all class centres in such configuration have equal distances to each other, while angles 
between any two class vectors are identical. This configuration provides maximum separation between the classes 
while maintaining perfect symmetry, making it an ideal scenario for classification problems. 

We can think of the simplex ETF structure as being a generalization of an equilateral triangle in higher 
dimensions. In a simplified example, for three classes, there are class centres placed in the shape of an equilateral 
triangle where all sides and angles are equal. In higher dimensions, this generalizes to more complex but 
correspondingly symmetric forms. This geometrical configuration is important because it aims to maximize 
separation between the classes, which results in a lower chance of misclassification. This also guarantees that no 
class gets favoured which results in balanced and fair decision boundaries. 

Neural Collapse also has a rich geometric component, including the alignment of feature vectors and 
classifier weights. The final classification layer consists of weight vectors which will be aligned along the means of 
each class as training approaches. What this means is that both spaces (the feature space and the classifier) share 
the same geometric structure. This makes the classification process more interpretable and effective, as decision 
boundaries are manipulating directly based on the positions of the class centres. Not only this, but it also helps in 
strengthening the symmetric nature of the entire structure as both features and weights are following same 
geometric pattern. 

The geometric structure is also improved by normalization techniques that are generally used in deep 
learning. Feature vectors and classifier weights are constrained to lie on a unit hyper sphere, which makes the 
classification decision based on angular rather than Euclidean distance between vectors. This change discards the 
need for magnitude and simply has you gain direction, as can be found in naturally forming structures such as a 
simplex ETF. Hyper spherical Constraint: A constraint that simplifies the geometry and highlights symmetry makes 
Neural Collapse more stable as well. 

This geometric structure itself also provides insight as to where the location of decision boundaries are. Decision 
boundaries can be very complex and nonlinear in normal classification settings. Yet, under Neural Collapse, those 
boundaries are much easier. Thus the location of class boundaries is fully defined by perpendicular bisectors 
between each of the points representing each of the classes. Even if the underlying model is highly nonlinear, this 
results in linear and well-defined decision regions. 

Another distinctive feature of this geometric configuration is its resilience. Since class centres are 
symmetrically distributed, small perturbations in data will not cause misclassification. As the centres are now 
maximally separated, a larger margin between classes is achieved. This margin serves as a buffer against those 
sources of noise and adversarial perturbations, making the model more stable and robust. Thus, Neural Collapse not 
only enhances generalization but also takes part in robustness of deep learning systems. 

Although undoubtedly advantageous, the existence of such a well-defined geometric arrangement poses 
significant challenges to our theory. One of the fundamental questions is why gradient-based optimization always 
result in this particular ordering. Although lots of empirical evidence supports the occurrence of Neural Collapse, a 
mathematical formalization for its geometric properties remains still work in progress. Grasping the exact reasons 
for why this symmetry exists could lead to new training algorithms that either speed up convergence or generate 
better generalizing networks. 
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In summary, results from the Neural Collapse geometric structure demonstrate that deep neural networks 
organize their learned representations in highly symmetric and efficient arrangements. This architecture reduces 
the feature space, increases class reparability, and results in simpler decision-making processes. An understanding 
of the geometric principles discussed here should lead to deeper insights into the behavior of deep classifiers, and 
inform the development of even more effective & robust learning algorithms. 

Neural Collapse From a Statistical Perspective 
Statistical view of Neural Collapse—served as a complementary view to its geometric interpretation—is a 

learning phenomenon that reveals how the distributions of data evolve during the training process of deep 
classifiers. On the other hand, geometry is concerned with how feature representations are arranged and structured 
in space while the statistical perspective is linked to how probability distributions (variance, class reparability etc.) 
evolve through time. When taken together, these perspectives show that Neural Collapse is more than just a 
geometric artefact -- it is a statistically-meaningful change in representation which makes data easier to classify. 

The statistical interpretation is based on the idea of within-class variance. In classic machine learning 
settings, data points belonging to the same class tend to vary from each other due to noise in addition to diversity of 
features and measurement differences. As Neural Collapse arises in deep neural networks, however, this variation 
begins to decline [7]. Samples of the same class learn feature representations that are pulled to a common centre, 
minimizing the within-class variance almost to zero. Variability collapse is the transition from a wide distribution to 
an extremely narrowed one. Statistics-wise, this means that for every class distribution gets closer and closer to a 
degenerate (single point) distribution cantered at the mean so it becomes much easier to classify. 

Meanwhile, contrasting against the average of similar classes reduces within-class variance but increases 
between-class variance. This results in an increased separation among classes as class means become separated 
further away from each other in the feature space. By maximizing this between-class variance, the classes become 
more distinguishable and thus the classifier are likely to predict them correctly. The between-class variance to 
within-class variance ratio is an important statistic in classification, especially in some form of discriminant 
analysis. This ratio is effectively maximized in a Neural Collapse, which produces optimal class reparability. This 
behavior is consistent with what classical statistical principles say your data should be for successful classification: 
well-separated and compact class distributions. 

2Distribution symmetry of class means — a first statistically relevant feature of Neural Collapse So for the 
value of class means from all classes will become uniformly distributed in the feature space with respect to each 
other during training since this reflects uniformity among segments as a perfect representation. This symmetry 
guarantees that no class is dominant or underrepresented, which is vital for reducing bias in classification. 
Intuitively, from the probabilistic perspective this uniformity implies that support of classes is equal and then it can 
make fair / consistent predictions. The emergence of this symmetry without explicit constraints indicates the role 
implicit regularization plays in deep learning. 

Understanding the role that covariance matrices play in how Neural Collapse behaves statistically is similarly 
important. At the outset, we will group classes that may show a different covariance structure (due to differences in 
distributions of features) But when collapse happens, the covariance matrices enter into borderline degeneracy and 
get closer to zero. Observe that the variance of each class reduces to 0, and all samples are made very close together 
around the mean (clustering). Second, the covariance structures of classes become more similar and lead to a more 
symmetrical representation space. The uniformity allows for easy statistical analysis and strengthens the geometric 
framework from previous chapters. 

Neural Collapse can be seen as a way of converting complicated, high-dimensional distributions into a 
mixture of point masses in probabilistic modeling terms. The classifier does not have to worry about working with 
elaborate probability density functions, instead it works on a set of discrete class centres. This simplifies 
classification and makes decisions more deterministic (less uncertain). This also justifies why a deep NNs are so 
confident in their predictions during the later stages of training. 

Neural Collapse is closely tied to the optimization dynamics, which reflects in its statistical behavior. While 
minimizing the cross-entropy loss, the model in turn urges that the probability of true class goes to 1 and others to 
The class distributions get sharpened through this process, allowing classes to better separate and not overlap. This 
reduction in entropy in each of the class distributions also helps collapse variability. So when moving neurons 
toward a common centre — during pain, for example, Neural Collapse will occur if you subject this problem to 
entropy minimization. 

 A second major implication of a statistical perspective is the effect for generalisation. It is believed by 
traditional theories that high complexity models would overfit. Nonetheless, as we show with the phenomenon 
known as Neural Collapse, this does not preclude deep networks finding a way to low training error alongside good 
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generalization by mapping data functions of simple and well-separated distributions. The attention paid by the 
classes to nature variables is reduced owing to the compactness of class representations, making the model be less 
sensitive towards noise and irrelevant variations. It also results in better generalization and challenges the classical 
understanding of bias-variance trade-off. 

And while the statistical properties of Neural Collapse have its benefits, it also raises important questions. 
For example, the assumption that within-class variance is zero, may not be true in practice when dealing with noisy 
or highly heterogeneous data. Where this complete collapse exercise is inappropriate, it may lose important 
information. Furthermore, the behavioural mechanism of Neural Collapse in imbalanced datasets, that is when one 
class is generally more represented than others, remains still unexplored. These restrictions show why future work 
is needed to generalize the statistical framework of Neural Collapse beyond this more complex and realistic setting. 

Finally, the statistical view of Neural Collapse demonstrates an extremely powerful transformation in the method of 
data representation and processing by deep neural networks. The model thus obtains an incredibly efficient and 
interpretable representation of data by collapsing within-class variability while maximizing between-class 
separation. Well-posed statistical characterization not only improves classification accuracy but also helps to 
understand deep learning generalization better. This will be key for both advancing theoretical research as well as 
practical applications that utilize the benefits of Neural Collapse. 

The Optimization Dynamics Towards Neural Collapse 
A. Optimizing In Deep Learning 

Optimization is the engine behind learning for deep neural networks from data. For supervised classification 
tasks, the optimization goal is to find an optimal set of model parameter by iteratively minimizing a loss function—
most often cross-entropy (CE) using algorithms like stochastic gradient descent (SGD) or its variants. The main goal 
is to minimise the training error, but optimization also carves the internal shape of learned representations. The 
phenomena called "Neural Collapse" directly follows from these optimization dynamics, specifically during the final 
phase of training, where loss is very small. We therefore need to understand how optimization affects 
representation learning in order to explain why Neural Collapse will occur. 

B. Gradient Descent And Representation Gradualist 
Gradient descent works by iteratively calculating the gradient of the loss function with respect to model 

parameters and updating those in the direction that decreases it. In the early stages of training, gradients are large 
and noisy which causes rapid changes in both feature representations and classifier weights. This model trains on 
very crude patterns, leading to coarse separation of the classes. But during training, it means as the model correctly 
classifies most of samples the gradients are smaller and become more structured. 

During the last stage of training characterized by Neural Collapse, the function performed by gradient descent 
changes. Rather than improving classification accuracy, optimization instead improves the geometry of the feature 
space. The gradients now help to align the features in each class and separate those classes from one another. This 
gradual process of minimisation collapses intra-class variability and creates symmetric class shapes, confirming 
that gradient descent implicitly regularises geometry. 

C. Role Of Overparameterization 
Overparameterization is a main conditions that facilitates Neural Collapse. Often, modern deep neural 

networks have an overwhelming number of parameters compared to training samples. Normally this would cause 
overfitting, but actually the model can explore a huge space of solutions. This class of solutions includes many that 
reach zero training error, but the many geometric and statistical properties are different between them. 

This space in general has an implicit bias towards different types of solutions from optimization algorithms. In 
particular, gradient based methods prefer solutions with structured and symmetric representation. This 
overparameterization gives the model sufficient flexibility to reassign its internal representations despite perfect 
classification. This playfulness is integral to the emergence of Neural Collapse, as it signals a general transition for 
the network from one that simply fits the data, to one balanced in destined optimization of feature space geometry. 

D. Implicit Bias Of Gradient-Based Optimization 
Implicit bias is the name given to a phenomenon where an optimization algorithm will implicitly favour some 

solutions over others, without ever having been given such guidance by any explicit regularization term. Now, in the 
world of deep learning, gradient descent does not just find any loss-minimal solution; it converges to solutions with 
appealing properties. For example, margin maximization is one of those characteristic in which we push the 
decision boundaries as far away from all data points as possible. 

The bias towards large-margin solutions is crucial for Neural Collapse. The objective of this model which 
maximizes the margin between the classes, is to push means of classes away from each other’s while pulling 
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samples in same class closer together. This can result in better reparability between classes, as well as lower intra-
class variability. This gives rise to an extremely structured and symmetric feature space that is a signature of Neural 
Collapse. 

E. Influence Of Cross-Entropy Loss 
Loss function affects optimization dynamics in a big way. Cross-entropy loss — used to train classifiers, 

particularly good for cases when there are multiple options: it encourages the model to assign high probability to 
the true class while lowering probabilities of incorrect classes. As training continues, and the loss shrinks towards 
0, the model gives increasing weight to the correct classes legit whilst down weighing others. 

Such behavior pushes the feature representations in directions that lead to large values (with respect to their 
normal) of its corresponding class weights. It also pulls different class representations apart, improving 
reparability. Softback is the reason for this, as it is exponential based function which increases sparsely and sharper 
decision boundaries. Within the framework of Neural Collapse, we show how cross-entropy loss functions to 
catalyse a rapid onset of symmetric and well-separated class structures. 

F. Late-Phase Training Dynamics 
Neural Collapse is most pronounced during the late stage of training. At this stage, the training error is 

already low, and optimization does not lead to an order of magnitude improvement anymore. However, the model 
does not have to simply be retrained from scratch but rather undergoes a level of internal reorganization. In each 
class, the individual feature vectors still approach their respective mean of the class and adjust their means to be in 
a more symmetric position. 

In fact, this process can be extremely long, particularly when the network is presented with hundreds of 
epochs. Although loss or accuracy does not improve, the model manifests in terms of representation structure. This 
observation shows that optimizing deep learning is not just about reducing loss but also making the internal 
geometry of the model. This is why Neural Collapse is a reflection of this low-level optimization process. 

G. Interplay Of Features And Weights 
In addition, how feature representations and classifier weights interact is also an important aspect of 

optimization dynamics. During training, these two components are updated concurrently, resulting in a coupled 
evolution. This means that at the feature space collapses to a point for features in a class, the corresponding 
classifier weight vector becomes aligned with that point. Such mutual alignment reinforces the structure of the 
feature space and stabilizes the optimization procedure. 

This interaction reinforces the self-duality seen in Neural Collapse, in which features and weights cooperate 
geometrically to showcase a mirroring of each other. This ensures that the two component are evolving, in an 
intertwined manner, to have a final representation which could be more interpretable. This alignment eases the 
classification task and increases the performance of the model! 

H. Summary Of Optimization Effects 

Table 3: Expansion Dynamics of the Optimization Landscape and Progression Toward Neural Collapse  

Factor Role in Optimization Effect on Representation Contribution to Neural 
Collapse 

Gradient Descent Minimizes loss iteratively Refines feature structure Drives collapse and 
symmetry 

Overparameterization Expands solution space Allows flexible 
representation 

Enables structured 
solutions 

Implicit Bias Prefers certain solutions Encourages margin 
maximization 

Increases class separation 

Cross-Entropy Loss Penalizes misclassification Amplifies correct class 
logics 

Accelerates collapse 

Late-Phase Training Continues optimization after 
convergence 

Refines geometry Finalizes collapse 
structure 

Feature-Weight 
Interaction 

Joint parameter updates Aligns features and 
weights 

Reinforces symmetry 

Stability Reduces gradient noise Ensures smooth 
convergence 

Maintains structured 
configuration 
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Neural Collapse across Architectures 
Neural Collapse appears to be a universal phenomenon of over parameterized classification systems, as it has 

been observed across a multitude of deep learning architectures all suggesting that it is not limited to any particular 
model design. Although architectures may have different structures, depths and learning mechanisms, they show 
similar geometry and statistics toward the end of training. This robustness emphasizes that Neural Collapse is more 
a function of optimization dynamics (and loss functions) than of architecture alone. Nonetheless, while the 
phenomenon manifests at a wide variety of scales, rates and strengths due to architectural choices, its behavior is 
subject to more contextual analysis with respect to how flavours of model can influence different aspects. 

In the domain of Neural Collapse, Convolutional Neural Networks (CNNs) have been one of the most 
investigated architectures. CNNs are effective for image classification tasks as it is able to understand hierarchical 
spatial patterns in the signal through convolutional filters. Neural Collapse usually manifests prominently in the 
latter stages of training in these models. This feature extraction followed by hierarchical layers leads to features of 
the same class becoming very concentrated in the later and final layers of CNNs. Thus CNNs are a natural setting to 
observe variability collapse and symmetric class structures. The spatial inductive bias of CNNs promotes learning 
features that are stable and consistent which facilitates the emergence of Neural Collapse. 

On the other hand, though architectures using self-attention rather than convolution show different forms of 
learning dynamics, under the right conditions they also display Neural Collapse. They model dependencies among 
the input elements using attention weights, allowing them to capture long-range context. The representations from 
these networks might seem less structured than with CNNs at first glance, but the collapse behavior usually 
becomes present in the last few epochs of training. This tightly clusters class features and arranges class means 
symmetrically. However, the road to such a collapse could be less straightforward given that transformers typically 
use larger amounts of training data for longer optimization periods to achieve similar types of structural 
organization. 

Another important factor behind the emergence of Neural Collapse is depth of neural network. As a result, 
deeper networks have more capacity to learn complicated transformations that can lead to the creation of highly 
structured feature spaces. — Models are having the ability to incrementally improve representations with 
increasing depth which allows features to converge on class centres easier. Now, more than before can cause 
gradients to vanish due to the depth if proper training data or strategies are not employed causing a delay, 
divergence or chalk on merging. Hence, depth potentially empowers Neural Collapse, but must be accompanied by 
stable training techniques. 

Width (i.e. the number of neurons per layer) is another important architectural aspect More expressive 
networks give you richer representations. Finally, it is well-known that in many over parameterized settings, a 
larger width increases the flexibility for the model to explore different solutions which achieve zero training error. 
This flexibility is essential for Neural Collapse as it allows the model to rearrange the feature space, unlike state-of-
the-art architectures which do not change over time when crossing a perfect classification barrier or if they crash 
into spurious singletons. At the same time empirical studies indicate that wider networks display more clear and 
consistent collapse because they better support the symmetric structures that are a hallmark of collapse. 

Various normalization methods (e.g., batch normalization, layer normalization and weight normalization) are 
important factors for Neural Collapse. These approaches are designed to start out with a distribution of activations 
in the network. Normalization promotes data point to become "star-like" in as much that features are encouraged to 
lie on a hyper sphere by scaling feature vectors into the same range, which also emphasizes angular relationships. 
Such hyper spherical constraint intuitively promotes equiangular structures such as the simplex ETF. Consequently, 
normalization accelerated the training process and introduced better geometric regularity to Neural Collapse. 

Residual connections, frequently appearing in deep architectures like Resets, also play a role in the 
occurrence of Neural Collapse. Such connections facilitate the passage of gradients, which helps mitigate issues such 
as vanishing gradients and permits deeper models to be trainable. Residual connections indirectly enable the 
conditions that are conducive of Neural Collapse by aiding stable optimization. These enable the model to more 
reliably hit the terminal stage of training in which the collapse effect is seen. Moreover, residual connections also 
retain information over the layers, aiding in stable feature representations. 

An additional architectural aspect is the type of activation functions that are applied in the network. The 
addition of nonlinear activation functions e.g. Relook provides with sparsely and helps the model to learn complex 
patterns. Though the mere choice of an activation function does not dictate the occurrence of Neural Collapse, it 
certainly affects the feature learning dynamics and smoothness of optimization landscape. Once more, activation 
functions that encourage stable gradients and fast learning naturally lead to a faster convergence towards collapsed 
representations. 
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Neural Collapse is also influenced by architecture and interacts with the dataset and input modality. CNNs 
are particularly suitable for images, while transformers are more general/used for sequences/language. The 
architecture-type-data match can determine the rate at which a structured model learns from data. However, 
Neural Collapse arises independently of architecture once training loss falls below some threshold, demonstrating 
its universal nature.. 

Table 4: Effect of Architecture on Neural Collapse 

Architectural 
Factor 

Description Effect on Feature 
Representation 

Influence on Neural Collapse 

CNNs Convolution-based 
models 

Hierarchical spatial features Strong and consistent collapse 

Transformers Attention-based models Contextual representations Collapse emerges with longer 
training 

Depth Number of layers Progressive feature 
abstraction 

Strengthens collapse formation 

Width Number of neurons per 
layer 

Increased expressive 
capacity 

Enables symmetric 
configurations 

Normalization Batch/Layer 
normalization 

Stabilizes feature scale Promotes hyper spherical 
symmetry 

Residual 
Connections 

Skip connections Improves gradient flow Supports stable convergence 

Activation 
Functions 

Nonlinear 
transformations 

Controls feature dynamics Affects learning stability 

Data-Architecture 
Fit 

Matching model to data 
type 

Improves representation 
quality 

Accelerates collapse emergence 

To summarise, Neural Collapse is a strong and quite general phenomenon which happens in plenty of deep 
learning models. The exact attributes of the collapse will differ due to architectural choices, however the baseline 
concepts remain constant. Width, depth, normalization and training stability all play a role in the emergence and 
strength of Neural Collapse. Exploiting the architecture-dependence of this behaviour can lead researchers to 
design models that are high-performing but also structured and interpretable.Uint 5. 

Generalization and Robustness Implications 
A. Generalization in Deep Learning 

This is a key property of any trained model called generalization which refers to the ability of a Model to 
perform on unseen data other than the Samples from which it was trained. According to classical machine learning 
theory, very sophisticated models should memorize training data and generalize badly on examples coming from 
new inputs. But deep neural networks exploit this assumption to get both near-zero training error and strong 
generalization performance. Neural Collapse explains this behavior due to the high structurorganizednized and 
separable internal representations of deep models when trained. Such an organization allows decision-making to be 
less ambiguous and provides the model with a higher generalization ability. 

B. The Role of Neural Collapse in Enhancing Generalization 
Neural Collapse helps generalization by transforming complicated feature distributions into tight clusters. 

With large intra-class variability collapsing to single class prototypes, the network totally discards any variations 
that could create conflict in a potential future inference for the model. They also increase inter-class separation, 
which guarantees that different classes are easily identifiable. This compactness and separation creates a feature 
space that will learn well on unseen data. 

Furthermore, the symmetric distribution of class means guarantees that all classes are fairly compared, and 
no specific class is favoured. Finding this balance helps achieve more consistent predictions and reduces the 
chances of systematic errors. Neural Collapse reduces the complexity of this classification task, by simplifying what 
is involved with the internal representation of data, resulting in improved generalization. 

C. Margin Maximization and Its Effect on Margin 
Margin Maximization Margin maximization is one of the main mechanisms by which Neural Collapse 

improves generalization. During training, the decision boundaries move further away from the data points and thus 
a larger margin is created. This margin is serves as a protective layer which insulates the model from small 
perturbations or noise in the input data. 

The reasoning is that a large margin corresponds to better generalization, as it diminishes the model's 
sensitivity to small perturbations. If our data points are even somewhat different from the training samples, they 



Arik Elijah / IJRCSIT 1(2), 20-33, 2026 

31 

 

most likely still lie in the right decision region. This behavior is encouraged by the natural tendency of neural 
collapse to maximize class centre distance, resulting in robust and stable classification boundaries. 

D. Robustness against Noise and Perturbations 
Robustness is one of the most critical attributes concerning machine learning models especially for real 

world applications where data tends to be noisy/imperfect. Neural Collapse: Neural Collapse achieves robustness 
by mapping each class into a well-separated and compact representation. On the other hand when intra-class 
variability is minimized, the noise pertaining to a class would have lower influence on its overall representation. In 
the same way, higher separation between classes ensures that a data point with noise is less likely to cross the 
decision boundary. 

This robustness befits to an array of perturbations, such as noise random and / or small input variations. 
Because the feature space is highly structured, deviations can be tolerated in model predictions. Consequently, 
Neural Collapse improves deep learning systems in the real world by allowing them to be more stable and 
trustworthy. 

E. Resistance to Adversarial Attacks 
Adversarial attacks are intentionally modifying input data with the purpose of causing a model to make 

wrong predictions. Such attacks leverage the fact that neural networks are sensitive to small perturbations in input. 
Neural Collapse, on the other hand, by encouraging class separation along with symmetric structures of 
representations, to some degree mitigate such attacks. 

Larger margins created in the collapse phase lead to data points being positioned further away from decision 
boundaries, alleviating the pushing effect adversarial perturbations have on data points. And more importantly, the 
alignment between features and class means ensures that predictions are being made based on stable, consistent 
representations. It is important to clarify that Neural Collapse does not protect against all adversarial attacks but 
significantly increases the robustness of a model toward them. 

F. Simplification of Decision Boundaries 
Neural Collapse also has implications on decision boundaries. The decision boundaries produced by the 

model could be highly complex, nonlinear shapes that closely follow the data structure when the model is trained 
for a short time. But with the advent of Neural Collapse, these borders become linear and defined. 

From a machine learning perspective simpler decision boundaries are easier to generalize as they are not so 
prone to overfitting. Instead of entrusting the decision with a non-flat and possibly less interpretable 
transformation, the model bases its decisions on distances to class centres. The benefits of this simplification are 
twofold: it not only leads to better generalization but also gives the model a high degree of transparency and 
provides ease in its analysis. 

G. Consistency Across Different Datasets 
Most significant features of Neural Collapse is that it holds across datasets and tasks. Regardless of whether it 

is applied to image classification, text processing, or other domains, this phenomenon comes with the same 
observations regarding feature convergence and class separation. This invariance indicates that Neural Collapse is a 
deep learning universal phenomenon and not merely dataset dependent. 

This universality is particularly useful when it comes to generalisation. This suggests that the principles behind 
Neural Collapse are generalizable, and this means it can serve as a valuable guide for modeling. This consistency 
further reinforces the belief that structured representations are essential for strong generalization. 

H. Perk of Stability and Penalties? 
Although Neural Collapse brings about plenty of benefits on generalization and robustness, it also incurs 

some drawbacks. The decrease in intra-class variability, advantageous for classification, may constrain the model's 
capacity to detect finer distinctions inside a specific class. Excessive collapse can lead to loss of information where 
fine distinctions are important. 

At the same time, focusing on symmetric and simplified representations may limit the expressiveness of a 
model when applied to complex or highly heterogeneous target datasets. A key challenge in designing and training 
models is to balance the benefits of Neural Collapse while learning representations that are still expressive 
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                        Figure 1. Generalization: Training vs Test Performance 

Conclusion 
How to study them and the deep classifiers evolve by training manifold structure of training set in a high 

performance can reveal an interesting perspective, called Neural Collapse for example. In this work, we analyzed 
Neural Collapse from geometric, statistical and optimization perspectives and showed that a learning process which 
seems extremely complicated under inspection actually converges towards an extremely simple (and structured) 
representation. This convergence illustrates a key insight: even as deep neural networks rely on large parameter 
spaces and nonlinear function approximates, they tend to deform data into symmetric, compact, and maximally 
interpretable shapes within the space when trained to completion (Nackara et al., 2020; Bahaman et al., 2019). 

If The Moore–Penrose Pseudo inverse Goes To Zero, In Natural Language Processing: Geometry And 
Statistics508 New Modeling Approaches(1/2) 509 Deciding What To Represent481 Geometric Perspectives On 
Some Statistical Tools522 Geometric Insights542 Conclusion5616 The K-Mean Algorithm61The most important 
conclusions that can be drawn from this study is the unification of geometry and statistics in regard to 
representation learning. Geometrically, neural collapse results in simplex equiangular tight frames whereby class 
means are maximally separated and evenly dispersed. Statistically, it means the crumbling of intra-class variance 
and the magnification of interclass distinctions. Collectively, these properties show that deep learning models use a 
strong implicit optimal feature organization paradigm to convert complicated and high-dimensional distributions of 
data into easier-to-represent and well-separated abstract features. 

In addition, a central contribution of this work is to elucidate the role played by the dynamics of optimization. 
Gradient-based learning, especially with cross-entropy loss does not only minimize classification error—it melds 
the internal structure of the model. The optimization algorithms used implicitly push the system toward solutions 
that both maximize the margin and force symmetry between representations of classes. This explains the 
ubiquitous emergence of Neural Collapse in over parameterized models and its heightened prominence during 
terminal phase. This carries on across diverse architectures and datasets, attesting to its generality. 

Justification of the generalization at a more abstract level for the analysis of architectural factors has 
demonstrated that Neural Collapse is not confined to a particular model type but can be found among convolutional 
networks, transformer-based systems as well as most of popular deep learning frameworks. The principles remain 
mostly unchanged, while the speed and predictability of collapse may depend on multiple factors: depth, width, 
normalization and residuals. Such invariance indicates that Neural Collapse is a more general phenomenon of deep 
learning systems, not just an artefact due to particular design choices. Insights into the variation of architecture 
responsible for this phenomenon helps in constructing efficient models as well as interpretable ones. 

More practically, Neural Collapse has several advantages that reach beyond pure theory. This is because 
learning structured representations leads to better generalization in that models become less sensitive to noise and 
more adept at generalizing unseen data. These properties lead to models, which are more robust and less sensitive 
to perturbations (see 3.2 for linear classifiers) and adversarial inputs as the optimization of margins also simplifies 
decision boundaries. Model interpretability is one of the essential aspect when it comes to deployment or use of AI 
system in real world applications, thus collapsible representation further open up new line for model analysis and 
debugging. 

And some of the most central corollaries of this phenomenon, Neural Collapse, come with crucial caveats and 
limitations. While reducing intra-class variability is useful for classification, it may result in loss of fine-grained 
details which could be critical for certain applications. The assumptions of Neural Collapse may not hold entirely in 
situations characterized by extremely diverse or imbalanced datasets, resulting in some deviations from the 
idealized structure. Finally, despite its empirical breadth of evidence and some theoretical insight, an overarching 
theory that rigorously explains all facets of Neural Collapse remains elusive. Dealing with them is still an important 
direction for further research. 
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Abstract: Neural Collapse reveals the unique geometry of representations and dynamics during deep 
learning, with implications extending far beyond any specific solution. This indicates that deep learning models at 
least implicitly prefer more simple and symmetric solutions in the absence of explicit constraints. Litany of Evert’s: 
This insight fly in the face of common sense modals of complexity and overfitting & provides a new 
lens/understanding to why deep neural networks are so capable at generalization. Neural Collapse exposes 
underlying structure in learned representations, connecting loose empirical observations with a solid theoretical 
foundation and enabling principled approaches to model design and analysis. From this study, several new research 
directions may appear. A global theory of Neural Collapse — which would make sense of how and why optimization 
entails generalization in deep learning — is the main goal we have on our table now. Another important avenue of 
future work is to explore the behavior of Neural Collapse when data is noisy, imbalanced or from real-world 
datasets. Moreover, an extension of the concept to other learning paradigms—beyond self-supervised and 
reinforcement learning—can be explored for its implications. 

Moreover, the practical implications of Neural Collapse are also rather promising. Likewise, its compressed 
and accustomed formations give rise to lighter Troy3 which force fewer parameters alongside less processing 
jockey. Neural Collapse also offers insights for techniques like model compression, feature pruning and efficient 
inference. Such improvements are especially crucial in resource-constrained settings where efficiency and 
scalability are key. Conclusion and Implications Neural Collapse provides a paradigm shift in our conceptual 
understanding of deep learning; we now have a unifying theory of how high-dimensional models learn to develop 
low-complexity, efficient, and robust solutions. This study offers a holistic perspective on the phenomenon and its 
consequences by unifying geometric, statistical, and optimization perspectives. Though many questions remain 
unfinished, just studying Neural Collapse alone has already started to transform our understanding of deep neural 
networks. While research in the field continues to be a rapidly active area of study, it will likely remain a 
cornerstone for pushing both theoretical and practical frontiers on how machine learning is practically used 
towards producing reliable, interpretable and efficient AI systems. 
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